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SAYRE. THE GENERATION OF SURFACES. 129 
Substituting } 2° + 7 for ¢, the equation of the surface is 


| Le J 


which may be written 


or in the equivalent form 
fy) 


Either of these forms is the equation of the surface. The problem may 
also be worded, find the equation of the surface generated by a straight line 
which meets the axis of z, moves on an arbitrary curve and makes an angle 
varying according to a given law with the axis of 2. 

The type equation is 

t—t,=A(z— %). 
Writing 


| ff 


we obtain readily the same equation as before. 
3. The Cone. If the type equation is 


2—2 = Al, 
where 


1e surface i: erated by the motion of a right line which passes through 
tl rface is generated by the moti f ght li hich througl 
the fixed point ¢ on the axis of z, and makes an angle varying according to a 
given law with the axis of ¢. The surface is therefore a cone whose equation is 


which may be written 


4. The Conoid. Suppose that the type equation is 


0, 
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where 


The surface is generated by the motion of a straight line which passes 
through the axis of 2 and remains parallel to the plane of zy. The surface is 
therefore a right conoid whose equation is 


Cy) 


z=¢ 


5. The Cylinder. If the type equation is 


where 


the surface is generated by the motion of a line which moves parallel to the 


axis of z. The surface is a right cylinder and has for its equation 
5 | 
2 2 
| 


which may be written 


|. 
| 


J 


6. Let us write the type equation in the form 


If ¢,, ¢., ¢, are uniform functions, the type equation will represent two lines 
in the plane of Z0 7’ which are symmetrical with respect to the axis of z. As 
an example suppose that the line passes through the circle 


and makes an angle with the axis of z equal to that made by the tangent to 


the circle 


at the point where the generating line meets this circle. We have 


Cy) r fy 
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SAYRE. THE GENERATION OF SURFACES. 131 
whence the equation of the surface is 
(2* + (Ry — 

which represents a quartic scrol]. As an example of the case where ¢,, ¢,, ¢, 
are not all uniform let us put 

= ¢, i=R, a= | = tan™ 

These equations represent two helices which are symmetrical with respect to 
the axis of z. The equation of the surface is 


The section of the surface by any plane through the axis of 2 divides the plane 
up into equal rhombuses. For the section consists of two systems of lines 
symmetrical with respect to the axis of z and each system consists of equidis- 
tant parallel lines. If 


the section of the surface by a plane through the axis of 2 divides the plane up 
into equal squares and the size of the squares does not vary with the cutting 
plane. The equation of this surface is 


2 tan-! / 


If 


7. The Cirele as the Generating Curve. 

Determine the equation of the surface generated by the motion of a circle, 
whose plane passes through the axis of 2 while its centre moves on one arbi- 
trary curve and its circumference passes through another. Let 2,, /, be the 
coordinates of the centre, 2,, ¢, the coordinates of a point on the circumference. 
The equation of the circle is . 


(z—2) 4 (¢ = (2, — 2,)° + (4, — 


| 
| 
the two systems of lines will coincide and the surface is the helicoid «Se 
. 
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Suppose that 


is the curve on which the centre moves, and 


2 = ¢ 


the curve through which the circle passes. The equation of the circle now 

becomes 


Substituting } 2° -- /° for ¢ in this equation we get the equation of the surface 
which is easily put in the form 


Z, | | | Ts | | = 0, 
or in the equivalent form 
9 fa | 7 7 (2 ) 


Let us write the equation of the circle in the form 


[f # is constant the surface is generated by an invariable circle. If ¢ is 
constant the centre moves on a plane curve. If ¢/ is constant the centre moves 
on a curve which lies on a right cireular cylinder. If 


the surface is the anchor ring. 

8. In general, five points determine a conic, so a surface may be generated 
by allowing a conic, whose plane passes through the axis of 2, to move on five 
arbitrary curves. 


Suppose that the equation of the conic is 


at? + 2htz + bz 4- 2gt + 2fz + 


and that the conic moves on the five curves 


| | # 
| 
(y | y | 
1, ?=1,2...5. 
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Consider the curve in any one of its positions and let the corresponding 
points for the five curves be 
(Lis <4), 
respectively. 
The equation of the conic now takes the form 
’ 
27 & & § 
ie & 3 
Substituting for ¢,, 2; their values, this equation becomes 
r 2 , 2 r 4, 
= 
Ys ¢s 1 
vs $st's t's 1 
The coefficients a, 4, 4, g, 7, ¢ are therefore functions of Y and the equation 
may be written 
Substituting } 2 + 7* for ¢ in this equation we get the equation of the sur- 
face which is easily put in the form 
xf, + + af, | 7 i+ | 
If the guiding curves are algebraic the surface will be algebraic. In general, 
if they are transcendental the surface will be transcendental. ‘ 
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%. In like manner we may find the general equation of surfaces generated 
by the motion of a plane curve of order ~ which turns about a line of its 


plane as an axis. 


III. 
Homoruetic Systems IN WHICH IS VARIABLE. 


1. In the case of homothetic concentric circles we have seen that if 4 


does not occur in the type equation, the section of the surface does not change 
with the cutting plane. This is the only system which possesses this property 
for in all other systems /,, Vary with the position of the cutting 
plane. 

2. Suppose that the straight line 


AL 1 hy } 
is the fundamental curve. We find 


= AL + by = 


Since » has only one value there is only one generating curve. 


Let 
Oz t = 0 


be the type equation. We have to find the equation of the surface generated 
by the motion of a straight line which passes through the origin, the tangent 
of its angle with the axis of z being numerically equal to the distance from the 
origin to the line 

ax + by=1 
measured along the radius vector 707". We get for the equation of this 


surface 


If the type equation is 


the surface is generated by the motion of an ellipse which has one axis con- 
stant, the end of the other axis moving on the line 

aL hy 
The equation of this surface is 


(aan hy) =], 


which represents a cylinder. 
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3. Quadric Surfaces. 
1°. The ellipsoid. Let the type equation be 


, = 
¢ 
the fundamental curve being 
_ 1 
a 
Then 
a 


Substituting this value of ‘in the type equation we get for the equation of the 


surface 


@' 
The type equation shows that the surface is generated by the motion of 


an ellipse which has one axis constant and equal to 2c, while the extremity of 


the other moves on the ellipse 


2 
2 

-+%=1. 
a 


2°. The hyperboloid of one sheet. Let the type equation be 


the fundamental curve being 

F&F 
Then 


Substituting this value of ~ in the type equation we get for the equation 


of the surface 


The surface is generated by the motion of au ellipse which has one axis 
equal to 2c, while the extremity of the other moves on the hyperbola 
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3°. The hyperboloid of two sheets. Let the type equation be 


> 

‘ 

the fundamental curve being 

72 

Then 


Substituting this value of "in the type equation we get for the equation 


of the surface 


The surface is generated by the motion of a hyperbola which has one axis 
equal to 2c, while the extremity of the other moves on the hyperbola 


{*. The elliptic paraboloid. Let the type equation be 


f= 
the fundamental curve being 
a 
Then 
y 


Substituting this value of — in the type equation we get for the equation 


of the surface 
The surface is generated by the motion of a parabola whose vertex is at 
the origin and whose axis is the axis of z. The distance of the focus from the 
origin is equal to the square of the distance from the origin to the ellipse 


y 


the distance being measured along the radius vector 7’ 7". 
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5°. The hyperbolic paraboloid. Let the type equation be 


c= 
the fundamental curve being 
eo 


The surface is generated by the motion of a parabola whose vertex is at 
the origin and whose axis is the axis of z. The distance of the focus from the 
origin is equal to the square of the distance from the origin to the hyperbola 


the distance being measured along the radius vector 7’ 7”. 

4. The method may be used for the generation of surfaces by the motion 
of a plane curve in a space of x dimensions. At present, however, [ shall not 
dwell upon this subject. The surface is obtained by eliminating 4 between 


(), 
and 


where the first equation represents a homothetic system, and the second equa- 
tion a plane curve lying in the plane V0 7) the axes being supposed rectan- 
vular. 

Thus if the homothetice system is 


the type equation being 


the equation of the surface is 


which represents the hypersphere. Consider the generating circle 


The equation of the surface is ze 
; 
a , 
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in any one of its positions, say when it lies in the plane determined by the 
axis of w and the right line 777” lying in the space 


= 


Now imagine the line 77/7" to coincide successively with every right line 


drawn through the origin in the space 


= 0. 


In this motion the circle will generate the hypersphere. 
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THE PROBLEM OF PAPPUS. 
By Dr. H. A. Sayre. 


Problem.—Through a given point A in the bisector of a right angle to 
draw a secant of given length /. 

The usual proof of the construction of Pappus may be modified so as to 
make it more symmetrical and elegant. For purposes of comparison the 
ordinary proof will first be given and then the modified proof. 

Proof.* —Let us take as the unknown lines V2 = wv, HC = y, and put 


AD= AF =a, being the distance from the point A to the sides of the 
right angle. 
\ 
\ 
\ 
\ 
\ 
A #\G T 


/ 


/ 
IC; 


| 

/ 


The similar triangles A/C, ADP give 


zy = a 1) 
We have, also, 
(2) 


Eliminating y we obtain the equation 


(x + + | + a} 
. 
which may be written 
+1), +|-+1/ 
| a | r 


* Niewenglowski, Geometrie Analytique, Vol. I, p. 14. Pruvost, Geometrie Analytique, Vol. 
i, p. 
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The last equation may be put in the form 


| ad 


a 2 


Making the substitution 


a 
— 
ad 
we have finally 
whence 


Take AY’ —/, so that = 1 + FP and with / as a centre and 
as a radius, describe a circumference cutting the parallel to O.Y drawn through 
A in the points Gand Then 


Now 


If we draw perpendicular to AG, since AM = 7, . It 


follows from this that 1 72@ is a right angle. We describe therefore a semi- 
circle upon A@ as a diameter. If this circle cuts (.V in B and &,, the secants 
BC and B,C, are solutions. We obtain in the same way two other solutions, 
B.C, and BC, 


Modified Proof.—Equation (2) may be written 
Replacing “y by @ this equation becomes 


(2 yy 4 y) — 0. 
Solving we get 


Equations (1) and (3) show that the problem has been reduced to con- 
structing two lines when their sum and geometrical mean are given. If we 
construct the sum of the two lines on the line A 7’ we have the construction 


of Pappus. 
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ON CIRCULAR TRANSFORMATIONS. 
By Dr. Arnotp Biel, Switzerland. 


One of the peculiar characteristics of Steinerian methods is the simplicity 
of the fundamental principles on which these methods are based. Starting 
from a simple proposition in elementary geometry Steiner, in the course of his 

; investigations, often arrived at a general point of view from which it was easy 
to state a great number of theorems which, otherwise, would have been puzzies ' 
to mathematicians. To account for this fact. it must be remembered that 
Jacob Steiner in his early age was a pupil of Pestalozzi, so that, perhaps, the 
secret of Steiner’s success lies in the influence of his great master. 

In this paper I shall have reference to some of those theorems which 
Steiner derived from the so-called “ power of a point” with regard to a circle 
(square of the tangent distance from the point to the circle) and which may be 
found in the first volume of his collected works under the title: /Avnige geo 
metrische Betrachtungen.* Tt will be seen that they naturally follow from the 
consideration of Circular Transformations, using the designation of Darboux! 
for all those conform transformations which transform circles into circles. ' 

1. First I will confine myself to the plane of complex quantities. Two 
points 2 and 2 correspond to each other in a circular transformation if they 


are connected by the fundamental equation 


where the constants a, 4, ¢, / are real or imaginary. A circular transforma - 
tion (1) may be found which transforms three points of the plane 2 into any 
other three points of the same plane (the planes 2 and 2 are assumed coinci- 
dent); consequently the circle through the first three points is transformed 
into the circle through the three transformed points. If in fig. 1 through the 


* Jacob Steiner's Gesammelte Werke, Vol. 1, pp. 17-76. 
+Darboux: La Théorie Générale des Surfaces, Part I, page 162. 
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points 2, and 2, [ choose a circle ¢,, including a certain angle with the circle ¢ 
through 2,, 2,, 2,, the corresponding circle c,’ through the points 2,’ and 2, is 


determined and includes the same angle with the circle c’ through 2,, 2,’, 2,. 


On the circle ¢ any point 2,, and on the circle ¢ any point 2, may be chosen, 
so that the new circular transformation is perfectly determined and still trans- 
forms the circles ¢ and ¢, into ¢ and ¢,’, respectively. Keeping the point 2, 
fixed, any point 2, on the circumference c¢ may be chosen as corresponding to 
. There are, therefore, #' circular transformations which transform the 

circles « and ¢, into ¢ and ¢,, respectively. A cirele tangent at 2, to ¢ and 
tangent to ¢,, for a fixed transformation, is transformed into a circle tangent to 
cat 2, and tangent to ¢,. In general, a circle passing through 2, and includ- 
ing certain angles with the circles ¢ and ¢, is transformed into a circle passing 
through 2, and including the same angles with the circles c¢’ and ¢,. Now, as 
the choice of the points 2, 2,, 2, and the angles at these points is arbitrary, 
the theorem holds : 

Any two circular triangles with corresponding equal angles may be consid- 
ped as corresponding a circular transformation, 

There is only one transformation of this kind, 

If all the angles are zero the theorem is : 

There is only one circular transformation which transforms circular 
triangle with all its angles equal to zero into any other fixed triangle with the 


angle 8 2e70. 
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Taking in fig. 2 a cirele c, through z, normal to the circles ¢ and ¢, and 
intersecting these circles respectively in 2, and 2, an infinite number (a ') of 


2. 


circles ¢, through 2, normal to the circles c’ and ¢,/ may be passed successively 
corresponding to the circle ¢,; hence, there are also in this special case x 

circular transformations transforming the circles ¢ and ¢, into ¢ and ¢,. One 
of Steiner’s configurations is now obtained by drawing in fig. 3 a system of 


Fia. 3. 


tangent circles in such a manner, that each of these circles touches the circles 
cand ¢, and its two neighboring circles. 

According to the foregoing theorem it is evident that there ¢s only on 
eireular transformation which (rans forms One of these Nteinerian conngurations 
into any other faed configurations of the same Kind. Among these figures the 
case must also be included where the circles ¢ and ¢, become straight lines 
and parallel and all tangent-circles therefore equal. The following example 
will illustrate the relation between this and the general case. 
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2. In the plane 2 assume a system of equal circles so that each circle is 
} | 
tangent to six neighboring circles (fig. 3’). The centers of these circles form a 


Fic. 3’. 


net of rhombs whose angles are 60° and 120°. Assuming the origin in one of 
the centers and the axes ” and y as indicated in figure 3’, the rectilinear coor- 


dinates «4, J of any of these centers may be expressed in the form 


= md pred + Bn) 
(2) 


where // designates the constant diameter of the circles and m and ~ any inte- 


yral real numbers. Putting 
‘ > 


d, 
A=zua- = 9 Qn) +4 | , 
d d 
4 iF = | wen mn +- n° — 4 | 
J 
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the equation of any of the circles of the system may be written 


1,0 Az, t I} (3) 
Applying the inversion 
(4) 
-i.0 
equation (3) assumes the form 


This equation may represent any circle of the inversed system of (3). 
Designating generally the rectilinear coordinates of such a circle by « and / 


and the radius by 7, we find 


4 
a “a— ith 
hence 
A + A, A, A 
= 
B 2B 
or after some reductions 
9d (mm? + mn 4 } ) 
m 
2d + mun }) 
1 
2d (an? + mn 4+ n? - }) 
Giving in these expressions 7 and 7 all integral values between — x and 


x2 ,the inversed system of (3) arises. It is interesting to remark, that the 


ratios and — depend only on m and #. Considering especially the ratio 


Qn. (4) 
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we can derive immediately the propositions which Pappus gave in his 
Vollectiones Muthematicw, libr. IV (“ ecireumfertur in quibusdam libris 
untiqua propositio huiusmodo.”)* 

Assuming in (7) # constant it may first be assumed that + is an even 
number, say # = 2/, then 


( ) 
For x = — / there is - 0. Putting suecessively for x the values, — /, 
1—/,2 /,..., the corresponding values of the ratio — are obtained from 


the following table : 


The circles corresponding to this series form a Steinerian configuration and in 
tig. 4, which illustrates half of the inversed system of (3) (size 4 of what it 


ought to be), are represented by the white circles between the two shaded 


*See Steiner’s Werke, Vol. I, p. 47. 
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If m is an odd number, m = 2/ + 1, 
Here the smallest ratio is 1 which results, when » = /, and the table for 
n=—ll 
| 
| | | | | 
| | | | 


The corresponding circles form again a Steinerian configuration, and in fig. 4 
either series of shaded circles may represent them. 
The proposition of Pappus, to which he refers as an 


old theorem,” con- 

sists in the fact that in both cases the ratios of consecutive circles form 


arithmetical series. It will be remarked that the theorem holds only for those 
positions of Steinerian configurations with regard to the axes ” and y as indi- 
vated in fig. 3’. Generalizations and further details may be found in the arti- 
cle of Steiner mentioned above. 

3. Three circles of which each two intersect, form 64 distinct cireular tri- 
angles whose corners are the points of intersection and the sides ares of these 
circles. We have seen that any two circular triangles whose corresponding 
angles are equal are corresponding in a circular transformation. This feet 
has been proved for real triangles, and it may be inferred that it also holds 
for imaginary and partly real and partly imaginary triangles. 

For our purpose it is not necessary to give a direct proof for this case, 
for it will be shown that the condition for the correspondence of two circular 
triangles in a circular transformation can be expressed by means of Steinerian 
configurations in the case that the two fundamentals ¢ and ¢, do not intersect’ 
in real points. 

First I will establish the preliminary theorems : 


There are always circular transformations which transfe ran two 


secting circles into tivo coneentrie ci) cles, 


*For a detailed study of circular triangles and quadrilaterals see : 
A. Schonfliess : Ueber Kreisbozendreiecke und Kreisbogenvierecke, Math. Annalen, Vol. 44, 
p- 105. 
Fr. Schilling: Beitrige zur geometrischen Theorie der Schwarz 'schen S-Function, Math 
Annalen, Vol. 44, p. 161. 
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and as a special case ; 


There ure always two circular transformations, each consisting of a trans- 
lution and INVEYSION, which transform two non-intersecting circles into two 


concentric circles. 


To prove this it will be remembered that there always exists a translation 
so that the line connecting the centers of the two translated circles passes 
through the origin of the z-plane. This translation being made in the proper 
way and adding an inversion the new circles will be concentric. Without 
affecting the general result the centers of the original circles may be assumed 
on the .7-axis, so that the equations of these vircles in Cartesian coérdinates 


are 
— “,) + = 
(5) 
Applying a translation 
(9) 
the equations of the new circles become 
4 a” a) — py — () 
(10) 
a? 4 2 a) a (4, — ay 
> ] 
By an inversion 2 or 
yo 


the circles (LO) are transformed into two new circles, whose centers still lie on 
the w-axis. Hence the abscissie of these circles are given by half the negative 
coeflicients of ” in the equations obtained from (10) by the inversion (11). 
These coetticients are, after dividing by — 2, 


, and 


| | 
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The inversion makes the cireles (10) concentric if 


a 


From this « has to be found which, after some calculation, becomes 


2 (a, — 


According to this expression there are two translations which when combined 
with an inversion transform any two circles into two concentric circles. 
These translations are always real if 
| (4, “,) “,y 0) 


4 (4, 


This condition may be reduced to the two following ones; provided 


f'2 Mi» 
It a, there must be 
and if hy th, 
hy 


Transformations of this kind transform the region without the two origi- 
nal circles into the ring shaped domain of the transformed circles which are 


concentric. This important remark is illustrated in fig. 5. 
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t. Two concentric circles do not change the properties relating to their 


of the radii unchanged. Designating now the transformations by symbols in 


mutual position by a transformation of similarity, since it leaves the ratio 


the usual manner, i. e., a translation by 7’, an inversion by /, and a transfor- 
mation of similarity by \; furthermore two pairs of concentric circles whose 
radii form in each pair the same ratio by (), and (’,’; there always exists a 


transformation so that 


Making first a translation 7), there is evidently 


Cie 
hence 
7,2 8738". 


Considering any two non-intersecting circles, which we will represent by the 
symbol A), , there always exists a transformation 7'/, so that 


wives two fixed concentric circles. By means of two other transformations, a 
similarity S and a translation 7’, the pair of concentric circles C,, may be 
transformed into any other pair of concentric circles, C,,’, provided the 


ratio “', of the radii of (', is the same as that of C,,. Hence 


K,,TIST, = 


There are only two transformations 7’7N 7’, which transform A), into (,’. 
Adding to these transformations a rotation 7 through an angle ¢, which 
is given by the formula 
= (12) 


there always exists a translation 7’, so that 


= C,.* 


12 


The transformation 727 is a circular transformation which transforms the 
two concentric circles C,, into themselves; but the circles have been revolved 


* There is also a translation 7’ by which 


= 


4 
C=C, af. 
| 
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about their common center through an angle ¢. There are »! circular trans- 
formations /? 7’, which transform (’, into itself, hence 
K.,TIST.RT, = C,. 
These results may be stated in the theorems : 
were are DBD’ transfor mations which transform tiwo non-wtersect- 
ing circles into the tro concentric circles and also transtor- 
: mations which transform two non-intersecting circles into themselves. 
i lf a civeular transformation transforms two non-intersecting circles into 
two concentric circles whose radii and the ratiw there wie al- 


circular transformations which transtoria the original tivo circles into 


any two concentric circles whose radii form the sau ratio hk. 
There 110 circular fransformatlion which transforms the two 


circles into two concentric circles whose radii form a ratio different From k. 


For, let it be granted that /) is a circular transformation so that 


and the ratio of the radii of (,,’ is equal to /, and assume that /, is a cireular 
transformation by which 


represents two concentric circles whose radii form the ratio /, + 4, then there 
must surely exist a circular transformation /), which gives the result 


= 


This, however, is impossible; hence there is no transformation /, 
effecting this result. 
Taking any circular transformation /' there is 


Kf = 


where A}, represents two other non-intersecting circles. Let /\ be a circular 
transformation which transforms A,’ into a pair of concentric circles, then 


= = Cy. 


be 
- 
“En 
Af, = C, , 
= Cy 
| 
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From this it is seen that /7) is a circular transformation which trans- 
forms A’,,’ into the same pair of concentric circles as A),' is transformed by 
/,. The ratio of the radii of each pair of concentric circles derived from 


h’,,’ is, therefore, the same as that derived from A. Hence: 


Tf two pairs of non-intersecting circles correspond to each other in a circeu- 
lar transtormation there always exist two systems of ' circular transtorma- 
tions which respectively transporim the two pairs into the same parr of concentric 


N whose radi hear the ratio. 


If we now consider a pair of non-intersecting circles A, and construct a 
series of tangent circles in such a manner that each of these is tangent to the 
preceding and following circle and to the given circles A), (every circle of the 
series must touch the given circles A‘, in the same manner) two cases are 
possible: either the series closes, or does not close, i. e., does or does not 
repeat itself. Uf it closes, the series consists generally of a tangent circles rep- 
resenting / entire revolutions in the series around the circles Ay,. Evidently 
the numbers and # are relative primes and m > &. 

There are always circular transformations which transform the pair A‘, 
into two concentric circles, whose radii bear a constant ratio 4 for all such 
transformations, and which do not change the numbers m ands. By these 
transformations all circles of the series become equal, Designating the angle 
inciuded by the tangents from the center of the concentric circles to one of 


the tangent circles by ¢, there is ¢ = ~ Assuming the radii of the concen- 
tric circles as 7, and 7, and 7; r, we have easily 
/ ‘ 
A 4 


which shows directly that every circular transformation which leaves / un- 
changed also leaves the numbers & and m unchanged. 
Thus we have the theorems : 


Two Serves of tangent cireles wh ich both close and have the Saute 
m of circles and the same number kh of revolutions correspond to each other in 
crreular transformation, 


vy circular transformation leave the numbers in and unchanged. 


It has been stated that there are » ' cireular transformations which trans- 


4 
| 
| 
| 
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form two given circles into themselves. Hence, by the previous theorem we 
are led to one of Steiner's peculiar theorems :* 

lf Ole serve of tang nt circles helonging to uf parr or circle x Res el and 
contains di circles and volutions, then all & ree or nt 
by longing to | close and contain the same number m of circles and kh revolu 


Zions. 


As to the properties of relative primes and / we have 


hence 
1 
, or dit 
In the case that m = 24, 4 becomes equal to 1, thus for values / 1. the con- 
dition is 
Vii 2h: 1 


5. In this paragraph I shall develop the relation between what may be 
called two conjugate serie s of tangent circl: 2. Such series are obtained in the 
following manner. ‘T'wo non-intersecting circles may always be transformed 
into two concentric circles. This is also true for two non-intersecting circles 
of equal radii. Conversely two concentric circles can always be transformed 
into two non-intersecting circles of equal radii. Suppose /‘is such a circular 
transformation which transforms two concentric circles (, into two non- 
intersecting circles A), of equal radii. The numbers ~ and / of each series 


, or Ay, are equal. Now take two 


of tangent circles belonging to either C, 
opposite tangent circles ('}, and construct the series of tangent circles belong- 
ing to the two equal circles Cf, then I call any series of tangent circles ob- 
tained from one belonging to C’, by a circular transformation together with 
any series obtained from one belonging to Ct, by a circular transformation (icy 
conjugate series of tangent circles. 

To establish the relation of two series of this kind consider again the 


equation of a circle 


whose radius is » and whose center has the Cartesian coordinates 7 and 7. By 


an inversion from the origin z — 0 the equation of the inversed circle becomes 
+ Ay, Zy 0, 
/ 


* Jacob Steiner’s ges. Werke, Vol. I, p. 43. 
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and the coordinates of its center, 
j 
a=- = (14) 
and the square of its radius 


The condition that two concentric cireles (', with the common center 
(a, 3) and the radii », and », are transformed into two circles of equal radii is 


which reduces to 
(16) 


Fic. 6. 


gent /’7' tothe circle having the point (a, 3), or Cas a center and CO = 4 a + F 


by 
Choosing in fig. 6, C7? = », the magnitude of », is found by drawing a tan- 
> 
/ 
| \ \ 
| AK \ i 
/ 
a 
‘ea = 
\ | 
\ | 
1 | / i 
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as aradius. The circle over /?/'as a diameter intersects C’/’ in a point ( and 
from the construction there is evidently CQ = ».. 

If », and », are given in the first place, the distance of the point ¢ from 
the origin z = 0 is determined by #@ + ;f = »,y,. The square of the radius of 
the two equal cireles A), corresponding to the concentric circles (, in the 
inversion is 


‘ 
From this we find for the square of the distance between the centers of 


cireles C,,* 
> (a + 
+ (6, — 6, = 


(1 


or for the distance /) itself 


‘ ‘i- 


With the middle-point .J/ of the geometrical distance /) = A, A, as a 
center describe two concentric circles C),* both tangent to the circles A). It 
is clear that the pairs of circles (',* and A), are the fundamental circles of two 
conjugate series of tangent circles, hence also the pairs (, and C',’. The 


radii of the concentric circles (),* are 


dD 
= 9 im 
and 
?, 
or 
2( My) — 


: 
} and the Cartesian coordinates of their centers ae 
- ‘ ‘ ‘ of 
— fa) — 2) 
Mey 
On 
| 
4 
. 


156 EMCH. ON CIRCULAR TRANSFORMATIONS. 


Designating the angle included by the tangents from WV to one of the 
circles Ay, by ¢’, there is according to formula (13) 


This equation defines the angle ¢’ relative to the conjugate series (,* of (,. 


lor we have found 


sin’ =! (20) 


I will now form the expression 


2 2 
sin | = (21) 


which holds for any positive real ratio | rhe condition that the right 


side of (21) is equal to unity is 
or 
32 
Paking for #, any real positive value, then », = ~ , and the ratio '' =? can 
iol 
be any positive real number. The assumption «1,1, = 1 does, therefore, not 


limit the system of all series of tangent cireles, and includes by circular trans- 
formations all series of tangent circles. We have, therefore, for two conjugate 


series of tangent circles the relation 


r 
3 
or 
Assuming ¢ as a rational divisor of 27, i. e., ¢ = , Where / and mw 
‘ 


have the same meaning as before, there is 


 2(m — Bh)z 
9} 
Denoting by ‘’ the reduced fraction of , (2my is the number of 
(2am) 2m 
circles and (1 2/) the number of revolutions in the series of tangent circles 


C',* conjugate to the series C),, hence the theorem : 


. 
"ind 
2 il 2 
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Nt rv S taunyent circles close Any oF its closes also. 


Between the numbers of circles and revolutions in two conjugate series 
of tangent circles exists the remarkable relation : 


2h l 


or in words : 


The sum of the ratios tormed in cach of any lwo closing conjugate series 


of tangent circles hy the number of revolutions into the number of circles is 


1 

* 
equal to 

; — l 

‘ Vi al 
As an example take 4 = 1 and m = 3, then ; i »» hence 
— Qh 1 
2m 


A conjugate series has one revolution and six circles. In fig. 7 the circles 


7. 


of the original series are drawn in solid lines, while those of the conjugate 


series are represented by dotted lines. 
* Similar results are obtained for serics of circles of which two consecutive angles include a 


constant angle. 
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To find two conjugate series, each having. the same numbers of revolu- 
tions and circles, put 


2h: 
/é 
from whieh » — 2/4 = 24, or n = 44, hence the ratio” = 


ry conjugate serie of ud serie containing Tour circles CONLALNS also four 
circles, 


This case is illustrated in fig. 8. 


8. 


6. The properties of series of tangent-circles in the plane can easily be 
transferred to series of tangent spheres in space. If in a tangent series of 
circles in the plane every circle is considered as the intersection of this plane 
with a sphere whose center is in this plane, a series of tangent spheres arises 
which are all tangent to a Drysinian cyclide and we have immediately the 
theorem : 


lf among the enveloping spheres ofa Drysinian ceyclide a serves of tangent 
spheres may be formed which closes and contains m spheres and k revolutions, 
then an infinite number of such series may be formed by the same generating 
spher s of the cyclide all or which close and each contains the SUNLC ht umber we 
of spheres and k revolutions. 
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Taking any three spheres out of these tangent series, the same //ry- 
simian cyclide is also obtained as the envelope of all spheres tangent to 
these three spheres. In this manner the two systems of generating, or en- 
veloping, spheres of a Drysinian cyclide arise. Every enveloping sphere 
touches the cyclide along a circle. The two svstems of these circles corre- 
sponding to the twosystems of enveloping spheres form the orthogonal system 
of lines of curvature of the Drysinian cyclide. Remembering these well known 
facts and remarking that every sphere of one system of enveloping spheres 
touches every sphere of the other system, the theorem which I have established 
concerning two conjugate series of tangent circles can immediately be gen- 
eralized, 

Any series of tangent spheres formed out of the spheres of oie system of 
enveloping sphe res 18 conjugate to ANY se ries or tangent aphe res out of the other 
system. 

If the ratio of the number of re nolutions into the number of spheres in a 


serves of the ret system that closes is —', then every tangent series of the other 


system closes, and the vatio * belonging to these series is such that 


Mhy 
Wy Mty 2 


This is one of the most remarkable properties of a Drysinian cyclide. It 
can also be derived from the consideration of a torus, for which the theorem 
formulated for the plane holds, when the two concentric circles are replaced 
by a torus and the system of equal circles by spheres each tangent to the torus 
along a meridian circle. By a conform transformation in space, which ¢s 
always circular, the torus with its two systems of enveloping spheres is trans- 
formed into a Drysinian cyclide and the number-relations for conjugate series 
of tangent circles in the plane, which are the same for the conjugate tangent 
series of the torus, are immediately transplanted to tangent-series of spheres 
belonging to the Drysinian cyclide. 

.-I will pass over a great number of applications and details derived from 
the general theorems that I have stated and give finally some references, con- 
cerning the cyclides and similar subjects. 

1. Darboux: Sur une Classe Remarguable de Courbes et de Surfaces 

Algebriques et sur la théorie des Imaginaires. Second 
tirage. Paris, A. Hermann, 1896. 


*This theorem, Steiner, in loc. cit., p. 136, gives in a special form without proof and not in 
connection with the surfaces now called Drysinian cyclides. 
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An account of this memoir is given in No. 8, Vol. I], 2nd series of the 
bulletin of the Am. Math. Soe. by R. A. Roberts. 

Lecons sur la Théorie Générale des Surfaces. Vol. 1, chpts. 

V and VI in Livre II. 

3. Sophus Lie, Uher Complere, inshesondere Linten—und Kugel—Cow- 
ple PE, mit Anie ndung aut die Theorie partieller Diftfer- 
entialglerchungen. Math. Ann., Vol. vi p- 145-256 ; 
1871. 

(reometrie der Beruhrungs - transformationen, Vol. J 
Teuhner, 1896. 


The study of series of tangent circles and spheres whose cireles and 


spheres remain finite but do not close is reduced to the theory of an approx- 
imate representation of numbers by rational functions. Thus, any value for 
the angle ¢ being given the numbers / and + must be determined in such a 
manner, that in the expression 


the quantity * becomes as small as possible. If the integer m is given in 
advance as a limit of the denominator in the approximation, the problem may 
be solved by the so-called serves of Furey for which particular reference must 
be made to an article of Prof. A. Hurwitz in Zurich in the Mathematische 
Annalen. (eher die angendherte, Darstellung der Zahlen durch rationale 
Brich 


PrecHNICcUM BIENNE, SWITZERLAND. 


. 
alias ' 
2 
| 


a 
Ke. 
~ 
= 
a 
‘ 
3 
gist 
- 
‘ 
4 
; 
P 


CONTENTS. 


By Pror. H. A. Sayre, . . 129 


The Generation of Surfaces— Continued. 
The Problem of Pappus. By Dr. H. A. Sayre, 


By Dr. . 141 


On Circular Transformations. 


ANNALS OF MATHEMATICS. 
Terms of subscription : $2 a volume, in advance. All drafts and money 
orders should be made payable to the order of ANNALS OF MATHEMATICS, 


University Sration, Charlottesville, Va., U. S. A. 


Gipson Bros., PRINTERS AND BOOKBINDERS, WASHINGTON, D. C. 


oad 
q 
- 
ag 
Page. 
‘i 
> 
a) 
: 


